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(u + F(u)) + v · ∇(u + F(u))−u = f  
 Ω× (0, T ) ()
% Ω   
 2
 	
  " RN , N ≥ 1,     @2 28 v :
Ω× (0, T ) → RN   '
%
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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 ρ1, ρ2 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	 %  % 	   <	
 −1 
 +1.  
 	2 ρ = (ρ1, ρ2) ∈ R2 %  ρ1 < ρ2 8   
2





 %. " 
 u ∈ C0([0, T ]) 
 








−1  " u(0) ≤ ρ1,
ξ  " ρ1 < u(0) < ρ2,
1  " u(0) ≥ ρ2

8 " 
 t ∈ (0, T ],  
 Wt := {τ ∈ (0, t] : u(τ) = ρ1  ρ2}, 
w(t) :=
⎧⎪⎪⎨⎪⎪⎩
w(0)  " Wt = ∅
−1  " Wt 	= ∅ 
 u(maxWt) = ρ1,
1  " Wt 	= ∅ 
 u(maxWt) = ρ2.
A	 w   	
 <	 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  
 [0, T ] 
  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	  	 
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{ ∀ (u1, ξ01), (u2, ξ02) ∈ >(hρ), ∀ t ∈ (0, T ],  " u1 ≤ u2  
 [0, t] 




1)](t) ≤ [hρ(u2, ξ02)](t)
()
{ ∀ (u, ξ0) ∈ >(hρ), ∀ [t1, t2] ⊂ [0, T ],








 [t1, t2], 
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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  =  2
  "%
P := {ρ = (ρ1, ρ2) ∈ R2 : ρ1 < ρ2}.
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 % %  "
 	   ;
  "  
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  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P   -2 % 
 
    σ1 = ρ2 − ρ1
2










P = {(σ1, σ2) ∈ R2 : σ1 > 0}.









[hρ(u, ξρ)](t) dμ(ρ) ∀t ∈ [0, T ],
(0)
% R   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  "  	 "	
 
 P → {−1, 1}, ξρ     
" ρ ∈ P   "	
 
 ξ ∈ R, μ   
 6
  ( 
)  	  P 

P    =  2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 Hμ    
   8   
     
 
  ? 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1  " ρ1 + ρ2 < 0,
−1  " ρ1 + ρ2 > 0.
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|μ|(R× {r}) = |μ|({r} × R) = 0 ∀ r ∈ R (1)

 Hμ : C0([0, T ])×S¯ → C0([0, T ])   @ 2 B 
 








|μ|(N(B, ε)) ≤ Lε ∀ ε > 0; (:)

N(B, ε) := {(s1, s2 + α) ∈ R+ × R : (s1, s2) ∈ B, |α| ≤ ε},
" 
 B ∈ B 
 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 2 x 8 ( 2  8 )   

8 ' 
 ξ ∈ L1(Ω;L1(P))

  μ ≥ 0 	  (1) 
 (:)  % 
F(u)(x, t) := [Hμ(u(x, ·), ξ(x, ·))](t) ∀ t ∈ [0, T ],   
 Ω , ()
% Hμ  
  
	  
 (0) ! 	





  "  u1, u2 ∈ M(Ω; C0([0, T ])) 8
|| [F(u1)](x, ·)−[F(u2)](x, ·)||C0([0,T ]) ≤ LF ||u1(x, ·)−u2(x, ·)||C0([0,T ])   
 Ω , (K)
%  LF = L 8 L  
  
	  
 (:) F % 
  M(Ω; C0([0, T ])) 
L 2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1 + ||v(x)||C0([0,T ]) dx.
*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 F 	






 "{ ∀u1, u2 ∈M(Ω; C0([0, T ])), ∀ t ∈ [0, T ],  " u1 ≤ u2  
 [0, t],   
 Ω, 





{ ∀ v ∈M(Ω; C0([0, T ])), ∀ [t1, t2] ⊂ [0, T ],  " v(x, ·)   M
  
 [t1, t2]   
 Ω,
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  v = (v1, v2, v3) 	 
 v = 0. (+)
1
   $2Q % (	   
    
	
 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-% 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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c∇× = 4 π  , (+)
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  %
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 % * 2 8  Q 
  
 " R
2, %  QT := Q× (0, T ) 





 x, y, z )   






 x, y,  
 = (0, 0, B(x, y)) 
  = (0, 0, H(x, y)).
 	   
    
'   
 	 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 
 %   8  
B = (I + F)(H), (+1)
% F    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 2  
	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 () 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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   

v × = (v2 B,−v1 B, 0)








































= E2 − v1 B. (+K)
:
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 %  
  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  y   
 (+K)  












































+   (vB)−H = 0, (+)
% % ' v = v(x, y, t)  % <	 
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  " @ 2 B  Ω ⊂ RN , N ≥ 1 
 
ΩT := Ω× (0, T )  5
   2 F  
	  
 ()
A 	  22 




v(·, 0);  % 
 
HF (v(·, 0)) := [F(v)](·, 0)(∈M(Ω)) ∀ v ∈M(Ω; C0([0, T ])). (0)
  V := H10 (Ω), H := L
2(Ω) 





 ||u||V := ||∇u||L2(Ω).  
  
 "  2 L2(Ω)    2 
	 (L2(Ω))′ ?    
O 
 " V  







 6   	2 " V ′  A     F   2









  V ′〈·, ·〉V  	  2  
 %









		 2 A : V → V ′  "%
V ′ 〈Au, v 〉V :=
∫
Ω
∇u · ∇v dx ∀u, v ∈ V. (0)

























    "% 
 2
	
    
    
 v   (0+)   f 
u0  w0     
   
 u ∈M(Ω; C0([0, T ]))∩L2(0, T ;V )   F(u) ∈
M(Ω; C0([0, T ]))∩L2(ΩT )  
   ψ ∈ H1(0, T ;L2(Ω))∩L2(0, T ;V )  ψ(·, T ) =

















∇u · ∇ψ dx dt =
∫ T
0
V ′〈f, ψ〉V dt +
∫
Ω




 !"  "	
 
 u 8 F(u) 8 v   
	8 %  	 

 ,
 "	8  6
  








 (00)  "%⎧⎨⎩
∂w
∂t
+ v · ∇w −u = f
w = (I + F)(u),
 
 V ′ 8   
 (0, T ) ,
% 
γ0u = 0 
 ∂Ω× (0, T )


[u + F(u)]|t=0 = u0 + w0  





















f ∈ L2(ΩT ), u0 ∈ V, w0 ∈ L2(Ω). (01)
#  




u ∈ H1(0, T ;L2(Ω)) ∩ L∞(0, T ;V )
 
F(u) ∈ H1(0, T ;L2(Ω)).
K

• %  &  
	

@ 	 6- m ∈ N 
  k := T/m. % " n = 1, . . . , m  	 
  fnm(x) :=
f(x, nk), u0m := u
0

 w0m := w
0.  22-  	 2  
  2    
  B 
   %




 ' unm ∈ V 
  n = 1, . . .m,    um(x, ·)    
	  
 
 um(x, nk) := u
n
m(x), 




  n = 1, . . . , m,   Ω,  










(wnm − wn−1m )ψ dx−
∫
Ω













 v nm(x) := v(x, nk).
 
 n ∈ {1, . . . , m}, % 	22  '





 x ∈ Ω, um(x, ·)     
    
2 " unm(x),      M

 








 unm(x), %  	   
 F
8  -  
"	
 
 F nm : R× Ω → R 	 
wnm(x) = [F(um)](x, nk) := F nm(unm(x), x)   
 Ω.
A  % 	   
	 
 2 F̂ nm  
 %





 % F̂ nm(v) := F nm(v(·), ·).     22 
"  2 F̂ nm 
  "      <	    % 
F̂ nm : L









{ ∃ τ ∈ L2(Ω) : ∀v ∈M(Ω; C0([0, T ])),




 (0K) %    -  % 





1 = LF ) 	

||F̂ nm(v)||L2(Ω) ≤ CF1 ||v||L2(Ω) + CF2 ∀ v ∈ L2(Ω); (0)

% (0) 
 ()       22 "  2 F̂ nm 8     - 
% 

 CF3 , C
F
4 ∈ R+, 2
 
 
 m,n 	 ∫
Ω
F̂ nm(v) v dx ≥ −CF3 ||v||L2(Ω) − CF4 ∀v ∈ L2(Ω). (0)

  




V ′〈C(Φ), ψ〉V := −
∫
Ω
v nm (Φ + F̂
n













































   ' "  2  8
%    6-  
- m 
 n; 	 % 
u + F̂ (u) + k C(u) + kAu = g  
 V ′. (0)
    (0)     
 	 







 V ; " 




 uj ∈ Vj 	 





 (0)8     
  M	  %   2 Z : V → V ′ 6










 "  	% 6-
2 
     - 
 "    	 
 uj " (0+) !" % 	 2
(0+)  uj 





 V. A	  -  u 	 8 2  - 
  	 
<	
8 uj ⇀ u  
 V.   2
 "   
	 




	  "  2 Z %  2      ' 
 j →∞  
 (0+)8  

(0) A  % 	  
	  = 0+     	 

• (
 &   
  	
  "  (K) 
    
2

 "  2 F 
 ∣∣∣∣wnm(x)− wn−1m (x)k
∣∣∣∣ ≤ LF ∣∣∣∣unm(x)− un−1m (x)k
∣∣∣∣   
 Ω 8 ∀n ∈ {1, . . . , m}  (00)
% % 	 2 (0)  (unm − un−1m )  
  	  V ′〈·, ·〉V (  % 
  (0:)
%     ψ := unm − un−1m ) 
 	 " n = 1, . . . , j, " j ∈ {1, . . . , m}. !  









m) · ∇(unm − un−1m ) dx,

   ∇(unm− un−1m ) 

  






















V ′〈C(unm), unm − un−1m 〉V +
j∑
n=1















































































(|∇ujm|2 − |∇u0m|2) dx,
% % 	 () P



















V ′〈C(unm), unm − un−1m 〉V +
j∑
n=1













































(|ujm|+ |wjm|)|∇ujm| dx + ||v||L∞(ΩT )N
∫
Ω
(|u0m|+ |w0m|) |∇u0m| dx





























|∇ujm|2 dx + 2 ||v||2L∞(ΩT )N
∫
Ω
(|ujm|2 + |wjm|2) dx
+ ||v||L∞(ΩT )N ||∇u0m||2H +
||v||L∞(ΩT )N
2
















































































dx + ||τ ||2H
]
.
A" % 8 " 





























 LF 8 %  c3 2
  
   %
|ujm(x)|2 = |u0m(x)|2 +
j∑
n=1
















∣∣∣∣2 + 2 k c1 j∑
n=1
(
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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|∇ujm|2 dx ≤ c4 k
j∑
n=1










 c4, c5, c6   
2

 " m   
 
	    2 

	 
     
 " ,
%H  
<	 ? "8 " 
 j ∈ {1, . . . , m}, %
  "% 
















 " m ). (0:)




	  "	 
 
 $  
 Ω,  wm(x, ·)    

   
2 " wm(x, nk) := w
n
m(x) " n = 0, . . . , m;   u¯m(x, t) :=




     %
   vm(x, t) := v
n







+ C(u¯m) + Au¯m = f¯m  
 V
′,   
 (0, T ) (0)
%  (0:) 













A  2     % "	
 % 	  
	   -  u 	 8
2  ' 
 m → +∞ 
  	<	
8
um → u %'   
 H1(0, T ;L2(Ω)) ∩ L∞(0, T ;V )
u¯m → u %'   
 L∞(0, T ;V ).
+





8   (0K) 
 (0K) % 
||wm||L2(ΩT ) ≤
√
T ||wm||L2(Ω;C0([0,T ])) ≤
√
T LF ||um||L2(Ω;C0([0,T ])) +
√






 " m;   
    -  w 	 8 2 
' 
 m → +∞ 
  	<	

wm → w %'  
 L2(ΩT ). (0)
P
   
8 	 
  
 (0K)       





 " m )
A	 C(u¯m) ∈ L2(0, T ;V ′) 
    
 	








 " m ).
$   2 
8 2  ' 





(um + wm) → ∂
∂t
(u + w) %'   
 L2(0, T ;V ′)
C(u¯m) → C(u) %'   




 m → +∞  







+ C(u) + Au = f. (0)
% %  
  %  w = F(u).   '    2  
  % "	
  
um → u %'   
 H1(0, T ;L2(Ω)) ∩ L∞(0, T ;V ).
P








 8 % 	8 " 
 s ∈ (0, 1/2)
H1(0, T ;L2(Ω)) ∩ L∞(0, T ;V ) ⊂ H1(ΩT ) ⊂ Hs(Ω;H1−s(0, T )) ⊂ L2(Ω; C0([0, T ]))
%    
	 
    2?  2  - 
  	<	
8 % 
um → u 
  





	  "  2 F 8 % 	
F(um) → F(u) 
  
 L2(Ω; C0([0, T ])) .
$ wm(x, ·)     
    
2 " wm(x, nk) = [F(um)](x, nk) " n =
1, . . . , m,   
 Ω, % 
wm → F(u) 	
 "  
 [0, T ],   
 Ω.
A"8  (0) %  w = F(u)   
 ΩT  A  6
   2" 
0
  "    
 
	  22 %   	 "  2

 
   " 	 
 "
= 0     	 	
 <	  
 	2 
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		 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 












  8   

28 "  2   2 F "	6 
   	2 
 A

















 un " A 0 A   22  "   	  " un
 
  (0K)?  








	 " 	 2	2
A 	 %     




  ($  
   
!
    
   
 
  Fn : M(Ω; C0([0, T ])) →M(Ω; C0([0, T ]))
' (K)   	 
 LF 





   v ∈M(Ω; C0([0, T ]))
Fn(v) → F(v) 2 
%   






  F : M(Ω; C0([0, T ])) →M(Ω; C0([0, T ])) '  	 	

  Fn. % 	  (01) 
 
    
  {(u0n, w0n, fn)}n∈N
 
 
u0n → u0 w0n → w0 
  
 L2(Ω)
fn → f %'  
 L2(ΩT ).
%











n, fn, Fn   
un ∈ H1(0, T ;L2(Ω)) ∩ L2(0, T ;V )
    u   
$ ) n →∞ 
  $
un → u %'   
 H1(0, T ;L2(Ω)) ∩ L2(0, T ;V )

  
 L2(Ω; C0([0, T ]))

Fn(un) → F(u) 
  
 L2(ΩT ).





   % 6
  2 F (−),F (+) : M(Ω; C0([0, T ])) →M(Ω; C0([0, T ]))
 "%
F (−)(u)(x, ·) := sup{F(v)(x, ·) : v ∈M(Ω; C0([0, T ])), v(x, ·) < u(x, ·)}   
 Ω
1
F (+)(u)(x, ·) := inf{F(v)(x, ·) : v ∈M(Ω; C0([0, T ])), v(x, ·) > u(x, ·)}   
 Ω .
!   
  M	   




 2 	 F (−)(u)(x, ·) = F(u)(x, ·) = F (+)(u)(x, ·),   















 " n ). (0+)
A  
    -  u 	 8 2  ' 




un → u %'   
 H1(0, T ;L2(Ω)) ∩ L∞(0, T ;V ) 
P




 "  	    " 2
 8 %
	







   	 	 
un → u 
  
 L2(Ω; C0([0, T ]))
" % %    
un → u 	
 "  
 [0, T ],   
 Ω . (00)
$   2 
8  Fn   2 
8 " (0) 
 (00)8 %  8 " 
ε > 0, ∃ n¯ 	  ∀n ≥ n¯ 
 "  t ∈ [0, T ]
Fn(un)(x, t) ≤ Fn(u + ε)(x, t) → F(u + ε)(x, t)   
 Ω 
% % 6 '  	2      n →∞ 
 
   




[Fn(un)](x, t) ≤ inf
ε>0




     % % 
Fn(un)(x, t) ≥ Fn(u− ε)(x, t) → F(u− ε)(x, t)   
 ΩT ,
" % % 	
lim inf
n→∞
Fn(un)(x, t) ≥ F (−)(u)(x, t)   
 ΩT 





Fn(un)(x, t) = F(u)(x, t)   
 ΩT .
$   2 
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